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Outline

Recap of HK theorems and KS equations

The physical meaning of the XC energy

Solution of a one-particle Schroedinger equation
Pseudo Potentials

The nitty-gritty of an actual KS calculation

» For molecules

» For solids

DFT software packages
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The HK theorenms

» HK Th 1: The external potential , and hence the total
energy, is a unique functional of the electron density

» HK Th 2: The density that minimizes the total energy is
the exact ground state density.

):
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Kohn=Sham equations

occupied

It p(= Y |y, then

A
Minimizing E[p]=T+E_+E_, wrt p
leadsto H, . [plv,=¢,w, where
h°v?
H = —
ard om

Solve self —consistently

T Vext (r) T VCoqumb [,O(r)] + ch [p(r)]

occupied

Heslol v, =¢,w, ; p(r) = Z A0, |2

A




Wihat can be calculated rom E, ¢

> Magnetization and magnetic susceptibility
> EA, IP, Chemical potential, Band gap
> Forces and Elastic constants

> Generalized Forces and Response Functions,
0E 0°E
0A’ 0AOB

which can be expressed as:

> Using the KS wavefunctions, other properties
can also be calculated... ) \
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Shertcomings e DFT

» Overestimates binding energies (= by 15%)
» Underestimates the gap (= by 40%)
» “Good” for solids but “bad” for molecules

Overscreens, since functionals are taken from
Jellium model

But surprisingly successful in predicting the
correct crystal structure and elastic constants
(<5% error) for a large variety of systems.
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[mprovements te DFT

Generalized Gradients Approximation (GGA/MGGA): to handle
non-uniformity in charge density (good for metals, still local):

Eve =Ex [0, |VpI] or EXC™[p. | Vel Ap,...]

Hybrid functionals (Exc=a*Exc[DFT]+b*Ex[HF]) to remedy the
bandgap problem

More advanced and general functionals

> non-local

> orbital-dependent

Keivan Esfarjani, MIT Nanoengineering group
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The physical meaning of the
Exchange-correlation Enengy

» Pauli principle forbids two electrons to get too close
to each other.

» => Their Coulomb repulsion becomes weaker!

» Coulomb interaction is overestimated by the
electrostatic interaction (E,. < 0)

Keivan Esfarjani, MIT Nanoen gineering group



TWo-=lbeel terms
If p(r) = <Z5(r—ri) > and

p(r, 1) =< > 8@ —r)5(r,—r;) > then
W Self-interaction term

<> f(r,r)>= Idrldr2 o(r, ) f(r,r,) l

IJ,1#]

In the uncorrelated limit, o(r,,r,) = o(r,) o(r,) — p(r,)o(r, —1,)
In the correlated limit, 860 = smaxa (0 36 =)

i j#Fi
p(r1,r2) = p(r1) p(r2)g(r, r2)
g is called the pair correlation function and is ¢
only known for the Jellium model: g, . (r,p)
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GORI-GIORCGI, MORONI, AND BACHELET

PHYSICAL REVIEW B 70, 115102 (2004)

2DEG For rs=1,2,5,10,20
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High density

r’s=1

T

005115 2 25 3 35 4
r/{rsag)

slectron correlations

Low density

» rs=5

005115 2 25 3 35 4
r/(rsag)

B. DAVOUDI, M. POLINI, R. ASGARI, AND M. P. TOSI
PHYSICAL REVIEW B 66, 075110 (2002)



Pseuco=potentials

Core electrons do not contribute=>heavy calculations

Replace (V,,, + core electrons) by V .. 4

[ oy
\Vpseudo \Vexact (r R r.CU’[) Pseudo wavefunction %,mu

; . hh_‘""“""‘-—-..__‘\}f/’ |
* Scattering: d Log y/dr W AN .
e All-electron wavefunction "”"}—L* lp‘-' r
* Norm conservation e
AN - Cutoff radiu
e Smoothness 7N |

Pseudopotential 1

it '\L\

|
] |
| All-electron poténtial
o
|
!
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FHow o selve a ene-particle
Schrocinger's eguation?

» SPECTRAL METHODS:
» Consider the proper boundary conditions

» Choose aczcordinglv a basis set ¢ :
HilP1= 2+ Vo (1) Voo L]+ V, [ (1]
Hly, >=¢,|wv, > ;expand w, on a complete basis set:
v, >=2.Cyilo>
Multiplyjing the eigenvalue equation on the left by ¢. leads to:
Zj:Hij C,=¢, Zj:sij o

with H; =< ¢, |H|p, > and S;=< ¢, | ¢, >

Keivan Esfarjani, MIT Nanoengineering group
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FHow o selve & one-partce
Schrocinger’s @eualtion oo
» Construct the Hamiltonian and overlap MATRIX

H; =<¢ [Hlpll ¢, > S; =< ¢ | ¢, >

» Solve Det [H-ES] = 0 (Generalized eigenvalue problem)

» Get the density from the eigenstates:
occupied

p(N= 2 lv.(NF

A
» Make it self-consistent since H depends itself on p

)
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Plane Wave lvasis ior crystals
(r) . ieikr
D\l') = \/ﬁ

h2k?
<o | H|p.>= om O TV (G)O, v 6

k only couples to k+nG => G-periodicity in k-space

= |t is enough to keep k in the First Brillouin Zone -
hK

<@ |H|pe >=V(G) i <o [Hp >="

Number of plane waves decided by the choice of Ecut, ) 15
usually leads to a large Hamiltonian matrix : O(n, XNp,?)
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Structure of the Hamiltonian
matrix in & PW scheme

Hhinmninmisiizuinmsing

H(k,) 0 0
Eigenvalues and
\ NN \ eigenfunctions
\ H(K,) 3 are per.|0d|c in
the reciprocal
X NN _| space
0 0 H(k,)




First Brillouin Zone
®* Wigner-Seiiz cell in reciprocal space.

® (Or could choose to use
O . .
parallelepiped defined by
® b.b,.b
. 1> ™2> 3)
O
O
e.g., for FCC
lattice —
<
L.
§ (www.ive tuwien.ac.at)
S &
ﬁy Shobhana Narasimhan, JNCASR 11
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Atemic Orbital basls tor crystals

. 1 -
Bloch Basis: y,, () =— > €"%¢, (r—R)
a \/N = a

Where o and 3 are atom or orbital indices within the unit
cell (o,f)={1,... ,n}

Haﬂ(k):<';”ka | H ‘Wkﬂ >

IS a rather small matrix: (n,n) for each k in the FBZ,
where n Is the number of orbitals per unit cell

Keivan Esfarjani, MIT Nanoen gineering group
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Nest Steps cownloae, install amne)
get ramiliar with & program

» Many Programs available:

> @Gaussian

> SIESTA (free)

> Wien2k

> ELK (free)

> VASP

> ABINIT (free)

> Quantum Espresso (free)

> ... Check the Web ) \

Keivan Esfarjani, MIT Nanoen gineering group



PW Caleculation setup

» INPUTS:

> Atomic coordinates

> Unit cell

DFT functional (LDA, LSDA, GGA ...)
Cutoff Energy

Kpoints mesh

NANZNN

Diagonalization, mixing and Convergence threshold preferences

» 3 calculations required for a band structure & DOS
> A SC with kpoints in the IBZ

> A non-SC with chosen kpoints along symmetry directions (BS)
> A finer kpoint mesh in the IBZ (DOS)

» OUTPUT:

> Single total energy and forces on all atoms ) 20
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> Electronic eigenstates and eigenvalues, charge &spin density

Keivan Esfarjani, MIT Nanoengineering group
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Truncating the Plane Wave Expansion

® In practice, the contribution from higher Fourier
components (large Ik+Gl) is small.

® So fruncale the expansion at some value of [k+Gl.
® Traditional to express this cut-off in energy units:

. -~

OOP
5
B

<E

cut

000000
QOO000

Input parameter ecutwfc OO0

o
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Band Structure iy

- “Band structure” (graph of ¢, vs. k): iﬁh\;
what states are available for electrons. "“x:;\/ijaf}

. At 7=0, all states that lie below/above Fermi level are

? {% vy

NS
aA\WA

~
/\%
|/ {
<§
[
AN

I o o0 g0 9 C—9Q 9O 0 pg e
. E Al Si C (diamond)
S (metal) (semiconductor) (insulator)

&
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Artificially Periodic ‘Supercells’

« Introduce ‘vacuum’ along the direction(s) where
translational symmetry broken to get supercell:

8aeses

o0 /0e o0 6 Unitcell
/ for sun‘ace

G0

oo 0@
Q000

OC
GO
GO
o @)
Ol 00 O«—DBulk atom
(8]
O

OOK

s@
08*\ Bulk unit cell

O O
QO
©O0¢E
oo €0 9@
o0 80 00
Q000000
Q0000
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00

&
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F

Brillouin Zone Sums

Many quantities (e.g., density, total energy) involve
iIntegrals over k:

Q 3
P)= P,(k)dk
< > (2?{)3 ZI ”-( )

nocc gz

k (wave-vector) is in the first Brillouin zone,
n (band index) runs over occupied manifold.

In principle, need infinite number of k's.

In practice, sum over a finite number: BZ “Sampling”.

ﬁ_v Shobhana Narasimhan, JNCASR
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Interpolating between k-points

In order to get sharp features
in the DOS (e.g., van Hove
singularities) correctly, use a
method that interpolates

between k-points. v
. 7 7 B
* e.g.,the Linear Tetrahedron N7 o
method. s A8
. | OB N\
» Tetrahedra can be used to fill A8 AY <o
all space for any grid. £ 3 IN
« Linear interpolation between Bloechl, Jepsen & Andersen
values at vertices.
- N—_—
_ Shobhana Narasimhan, JNCASR 23
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Convergence wrt BZ sampling

Carbon in diamond structure

Total energy (Ry)

Lat. Const. =

As7A

=22.65 — T T | T
22888 ———————
* .zz_usm_&
21p ik
\ -y
\ 2285515
H. 2agss2l
2275 - —e
\ 2285525 .
\ | |
“2LHSS 4 5 ©
228
I".
2285 S - " - 5
1 i | | | 1
1 2 3 4 5 6

N (NxNxN k-point mesh)

Madhura Marathe

Note: Differences in energy usually converge faster than
absolute value of total energy because of error cancellation
(if supercells & k-points are identical or commensurate).

o
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Convergence checlks

» Energy cutoff

» Number of kpoints

» Diagonalization

» Self-consistency (mixing schemes)
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Analyzing the eutpui

» Self-consistent electronic charge

» Magnetization distribution

» Total energy (stability)

» Band structure or energy levels (approximate)

Using post-processing tools, can also compute :
> Optical properties:dielectric matrix, optical conductivity
Mechanical properties: elastic constants
Chemical properties (hardness, IP, EA)
Phonons
Molecular dynamics: relaxation, reaction paths... ) N

N NN
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